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,QWHUQDWLRQDO&RQIHUHQFHRQ&RPSXWDWLRQDO+HDWDQG0DVV7UDQVIHU
$*HQHUDODQG(IIHFWLYH1XPHULFDO,QWHJUDWLRQ0HWKRGWR(YDOXDWH
7ULSOH,QWHJUDOV8VLQJ*HQHUDOL]HG*DXVVLDQ4XDGUDWXUH
6DUDGD-D\DQ.91DJDUDMD
'HSDUWPHQWRI0DWKHPDWLFV$PULWD6FKRRORI(QJLQHHULQJ$PULWD9LVKZD9LG\DSHHWKDP%DQJDORUH,QGLD
$EVWUDFW
$JHQHUDODQGHIIHFWLYHQXPHULFDOLQWHJUDWLRQIRUPXODWRHYDOXDWHDOOWULSOHLQWHJUDOVZLWKILQLWHOLPLWVLVSURSRVHGLQWKLVSDSHU
7KHIRUPXODLVGHULYHGE\WUDQVIRUPLQJWKHGRPDLQRILQWHJUDWLRQWRD]HURRQHFXEH7KHJHQHUDOGHULYDWLRQDORQJZLWKUHVXOWV
RYHUVSHFLILFUHJLRQVOLNHFXERLGWHWUDKHGURQSULVPS\UDPLGDQGIHZUHJLRQVKDYLQJSODQDUDQGQRQSODQDUIDFHVLVSURYLGHG
1XPHULFDOUHVXOWVDOVRDUHWDEXODWHGWRYDOLGDWHWKHIRUPXOD
7KH$XWKRUV3XEOLVKHGE\(OVHYLHU%9
3HHUUHYLHZXQGHUUHVSRQVLELOLW\RIWKHRUJDQL]LQJFRPPLWWHHRI,&&+07±
.H\ZRUGV1XPHULFDO,QWHJUDWLRQJHQHUDOL]HG*DXVVLDQTXDGUDWXUHWUDQVIRUPDWLRQ-DFRELDQ
 ,QWURGXFWLRQ
7ULSOH LQWHJUDOVZLOOKDYHWREHHYDOXDWHGLQPDQ\DSSOLFDWLRQVLQ6FLHQFHDQG(QJLQHHULQJVXFKDVIOXLG
PHFKDQLFV KHDWPDVV WUDQVIHU ILQLWH HOHPHQWPHWKRGV HOHFWURPDJQHWLF ILHOG WKHRU\ HWF8VXDOO\ WKHVH LQWHJUDOV
FDQQRWEHVROYHGDQDO\WLFDOO\ WKXVQXPHULFDOPHWKRGVKDYHWREHDSSOLHG)LQGLQJQXPHULFDODSSUR[LPDWLRQWRDQ
LQWHJUDO LV RQH RI WKH FRUQHU VWRQHV RI 1XPHULFDO $QDO\VLV :KLOH QXPHULFDO LQWHJUDWLRQ RYHU RQHGLPHQVLRQDO
LQWHJUDOVLVZHOOXQGHUVWRRGDQGRSWLPDOWKHRUHWLFDOVROXWLRQVDUHDYDLODEOHIRUDZLGHUDQJHRISUREOHPV>@WKH
KLJKHUGLPHQVLRQDO FDVH LV VWLOO D ILHOGRIRQJRLQJ UHVHDUFK$OVRH[WHQVLYH UHVHDUFKKDVEHHQGRQH LQQXPHULFDO
LQWHJUDWLRQRYHU'UHJLRQVOLNHWULDQJXODUDQGTXDGULODWHUDOHOHPHQWV>@
&XEDWXUHIRUPXODHRYHUGLIIHUHQWWKUHHGLPHQVLRQDOUHJLRQVDUHGHULYHGE\VROYLQJPDQ\V\VWHPVRIQRQ
OLQHDUHTXDWLRQVZKLFK LVDYHU\ WHGLRXVSURFHGXUH'XH WR WKLVGLIILFXOW\GHULYDWLRQRIFXEDWXUH UXOHVEHFRPHVD
&RUUHVSRQGLQJDXWKRU7HOID[
(PDLODGGUHVVMBVDUDGD#EOUDPULWDHGX
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FKDOOHQJHDVWKHRUGHULQFUHDVHV$OVRWKHVHFXEDWXUHUXOHVDUHUHVWULFWHGWRSDUWLFXODUGRPDLQV&XEDWXUHUXOHVRYHUD
]HURRQH FXEH D VWDQGDUG WHWUDKHGURQ D SULVP D S\UDPLG HWF FDQ EH IRXQG LQ OLWHUDWXUH >@ 1R H[WHQVLYH
UHVHDUFKKDVWDNHQSODFHWRGHULYHTXDGUDWXUHRUFXEDWXUHUXOHVRYHU'UHJLRQVZLWKFXUYHGIDFHV,QWKLVSDSHUZH
DUHSURSRVLQJDJHQHUDOLQWHJUDWLRQIRUPXODWRHYDOXDWHDQ\WULSOHLQWHJUDOZLWKILQLWHOLPLWVKDYLQJLQWHJUDOGRPDLQV
OLNH FXERLGV WHWUDKHGURQV SULVPV S\UDPLGV RU DQ\ RWKHU ERXQGHG UHJLRQVZLWK SODQDU RU QRQSODQDU IDFHV7KH
LQWHJUDWLRQUXOHSURSRVHGLQWKLVSDSHUGRHVQ¶WUHTXLUHVROYLQJQRQOLQHDUV\VWHPRIHTXDWLRQVDVZHDUHGHULYLQJD
SURGXFWIRUPXODXVLQJWKHRQHGLPHQVLRQDOTXDGUDWXUHSRLQWVJLYHQLQ>@
7KH DXWKRUV LQ >@ KDYHJLYHQ WKHJHQHUDOL]HG*DXVVLDQTXDGUDWXUH UXOHV IRUGLIIHUHQWEDVLV IXQFWLRQV WR
FDUU\RXWWKHQXPHULFDOLQWHJUDWLRQRIIXQFWLRQVZLWKRQHYDULDEOHDQGSURYHGWKDWWKHLUUHVXOWVDUHEHWWHUFRPSDUHG
WRDOORWKHUTXDGUDWXUHUXOHV,Q>	@WKHDXWKRUVKDYHXVHGWKHVHJHQHUDOL]HG*DXVVLDQTXDGUDWXUHUXOHVWRGHULYH
DQHZVHWRITXDGUDWXUHUXOHVRYHUWZRGLPHQVLRQDOUHJLRQVERXQGHGE\OLQHDUDQGSDUDEROLFHGJHV
,QLWLDOO\LQWKLVSDSHUZHGLVFXVVWKHPDWKHPDWLFDOSUHOLPLQDULHVUHTXLUHG7KHQZHGHULYHDJHQHUDODQG
HIIHFWLYH LQWHJUDWLRQ UXOH WR LQWHJUDWH WULSOH LQWHJUDOV ZLWK ILQLWH OLPLWV LQ VHFWLRQ  ,Q VHFWLRQ  ZH JLYH WKH
LQWHJUDWLRQUXOHDQG WKHIRUPXOD WRHYDOXDWH WKHQRGHVDQGZHLJKWVXVLQJ WKHGHULYHG IRUPXOD IRU LQWHJUDWLRQRYHU
GLIIHUHQW'UHJLRQVZLWKSODQDUDQGQRQSODQDUIDFHV7KHUHVXOWVRILQWHJUDWLRQDUHDOVRWDEXODWHG
 0DWKHPDWLFDO3UHOLPLQDULHV
 1XPHULFDO,QWHJUDWLRQ
,QQXPHULFDOLQWHJUDWLRQDQLQWHJUDOLVW\SLFDOO\DSSUR[LPDWHGE\DZHLJKWHGVXPRILQWHJUDQGHYDOXDWLRQV
,>I@ ׬ ݂ሺ࢞ഥሻ݀ߗఆ ൎσ ݓ௜݂ሺ࢞ഥ࢏ሻெ௜ୀଵ  4>I@    
ZKHUH࢞ഥ࢏߳ߗݓ௜ ൐ ͲLVWKHZHLJKWIRUDEVFLVVD࢞ഥ࢏DQG0LVWKHQXPEHURIQRGHSRLQWVXVHGIRULQWHJUDWLRQ
,IWKHGRPDLQRILQWHJUDWLRQLVRQHGLPHQVLRQDOWKHDSSUR[LPDWLRQLQ(TLVFDOOHGDTXDGUDWXUHIRUPXOD,IWKH
LQWHJUDWLRQGRPDLQ LVQGLPHQVLRQDO Q WKHDSSUR[LPDWLRQ LQ(T  LVFDOOHGDFXEDWXUH IRUPXOD7KH WHUP
LQWHJUDWLRQUXOHLVDOVRXVHG
7KHHUURUȁܫሾ݂ሿ െ ܳሾ݂ሿȁVKRXOGDSSURDFK]HURZKHQ WKHQXPEHURI LQWHJUDWLRQDEVFLVVDV LV LQFUHDVHG LH
ெ՜ஶȁܫሾ݂ሿ െ ܳሾ݂ሿȁ ൌ Ͳ
 *HQHUDOL]HG*DXVVLDQ4XDGUDWXUH
7KH*DXVVLDQTXDGUDWXUHLVDQXPHULFDOLQWHJUDWLRQIRUPXODJLYHQE\
׬ ݍሺݔሻ߶ሺݔሻ݀ݔ≈  σ ݓ௜߶ሺݔ௜ሻே௜ୀଵ௕௔     
ZKHUHݔ௜߳ሾܽǡ ܾሿDQGݓ௜߳ࡾା IRU DOO݅ ൌ ͳǡ ʹǡ ǥ ǡ ܰǤ7KHSRLQWVݔ௜DUH FDOOHGQRGDOSRLQWV DQG WKHFRHIILFLHQWVݓ௜
DUHUHIHUUHGWRDVZHLJKWVRI WKHTXDGUDWXUHIRUPXOD7KHTXDGUDWXUHIRUPXODJLYHQLQ(T LVFDOOHGDFODVVLFDO
*DXVVLDQTXDGUDWXUHUXOHLILWLQWHJUDWHVH[DFWO\DOOSRO\QRPLDOVRIRUGHUXSWR1ZKHUHDV(TLVVDLGWREHD
JHQHUDOL]HG*DXVVLDQTXDGUDWXUHUXOHZLWKUHVSHFWWRDVHWRIIXQFWLRQVሼ߶ଵǡ ߶ଶǡǥ ǡ ߶ଶேሽLILWLQWHJUDWHVH[DFWO\DOOWKH
1IXQFWLRQVLQWKHVHWሼ߶ଵǡ ߶ଶǡ ǥ ǡ ߶ଶேሽǤ
7KH JHQHUDOL]HG *DXVVLDQ TXDGUDWXUH ZLWK UHVSHFW WR WKH VHW RI IXQFWLRQV
ሼͳǡ ݈݊ݔǡ ݔǡ ݔ݈݊ݔǡ ǥ ǡ ݔேିଵǡ ݔேିଵ݈݊ݔሽIRU1 DUHJLYHQLQWKHWDEOHRI>@:HVKDOOEHXVLQJWKHVH
QRGHVDQGZHLJKWVLQWKHSURGXFWIRUPXODVKRZQLQWKHQH[WVHFWLRQ
 'HULYDWLRQRIWKHJHQHUDOLQWHJUDWLRQIRUPXOD
  ܫ ൌ ׬ ׬ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔ௛మሺ௫ǡ௬ሻ௛భሺ௫ǡ௬ሻ
௚మሺ௫ሻ
௚భሺ௫ሻ
௕
௔       
1043 Sarada Jayan and K.V.Nagaraja /  Procedia Engineering  127 ( 2015 )  1041 – 1047 
7R GHULYH D QXPHULFDO LQWHJUDWLRQ PHWKRG WR LQWHJUDWH WKH DERYH LQWHJUDO ZH WUDQVIRUP WKH GRPDLQ RI
LQWHJUDWLRQ
ߗ ൌ ሼሺݔǡ ݕǡ ݖሻȁܽ ൑ ݔ ൑ ܾǡ ݃ଵሺݔሻ ൑ ݕ ൑ ݃ଶሺݔሻǡ ݄ଵሺݔǡ ݕሻ ൑ ݖ ൑ ݄ଶሺݔǡ ݕሻሽ
WRD]HURRQHFXEHLQWKHߦߟߛVSDFH
  ܥ ൌ ሼሺߦǡ ߟǡ ߛሻȁͲ ൑ ߦ ൑ ͳǡ Ͳ ൑ ߟ ൑ ͳǡ Ͳ ൑ ߛ ൑ ͳሽ
XVLQJWKHWUDQVIRUPDWLRQ
ݔ ൌ ሺܾ െ ܽሻߦ ൅ ܽ
ݕ ൌ ሾ݃ଶሺݔሺߦሻ െ ݃ଵሺݔሺߦሻሻሿߟ ൅ ݃ଵሺݔሺߦሻሻ
ݖ ൌ ሾ݄ଶሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻ െ ݄ଵሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻሿߛ ൅ ݄ଵሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻ
+HUHݔLVDIXQFWLRQRIߦݕLVDIXQFWLRQRIߦߟDQGݖLVDIXQFWLRQRIߦߟDQGߛ
7KH-DFRELDQRIWKHWUDQVIRUPDWLRQLV
ȁܬȁ ൌ ሺܾ െ ܽሻሾ݃ଶሺݔሺߦሻሻ െ ݃ଵ൫ݔሺߦሻ൯ሿሾ݄ଶሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻ െ ݄ଵሺݔሺߦሻǡ ݕሺߦǡ ߟሻሻሿ 
ȁܬȁ!
$IWHUWUDQVIRUPDWLRQRIWKHLQWHJUDOUHJLRQWRD]HURRQHFXEHDQGWKHQDSSO\LQJWKHJHQHUDOL]HG*DXVVLDQ
TXDGUDWXUHIRUPXODIRUHDFKLQWHJUDOZHGHULYHWKHSURSRVHGQXPHULFDOLQWHJUDWLRQUXOHIRUWKHLQWHJUDOLQ(TLQ
WKHIROORZLQJZD\
ܫሾ݂ሿ ൌ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ߗఆ 
ൌ ׬ ׬ ׬ ݂ሺݔሺߦሻǡ ݕሺߦǡ ߟሻǡ ݖሺߦǡ ߟǡ ߛሻሻଵ଴
ଵ
଴
ଵ
଴ ȁܬȁ݀ߛ݀ߟ݀ߦ
ൎ σ σ σ ݓଵ௜ݓଶ௝ݓଷ௞ே௞ୀଵ ȁܬȁ݂ሺே௝ୀଵே௜ୀଵ ݔሺߦ௜ሻǡ ݕሺߦ௜ǡ ߟ௝ሻǡ ݖሺߦ௜ǡ ߟ௝ǡ ߛ௞ሻሻ
ൎ σ ܿ௠ேయ௠ୀଵ ݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻ       
ZKHUH
ܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ሺܾ െ ܽሻሾ݃ଶሺݔሺߦ௜ሻሻ െ ݃ଵ൫ݔሺߦ௜ሻ൯ሿሾ݄ଶሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻ െ ݄ଵሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻሿ
ݔ௠ ൌ ሺܾ െ ܽሻߦ௜ ൅ ܽ
ݕ௠ ൌ ሾ݃ଶሺݔሺߦ௜ሻ െ ݃ଵሺݔሺߦ௜ሻሻሿߟ௝ ൅ ݃ଵሺݔሺߦ௜ሻሻ
ݖ௠ ൌ ሾ݄ଶሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻ െ ݄ଵሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻሿߛ௞ ൅ ݄ଵሺݔሺߦ௜ሻǡ ݕ൫ߦ௜ǡ ߟ௝൯ሻ   
+HUHߦ௜ǡ ߟ௝ܽ݊݀ߛ௞DUHWKHQRGHSRLQWVLQDQGݓଵ௜ǡ ݓଶ௝ݓଷ௞DUHWKHLUFRUUHVSRQGLQJZHLJKWVLQRQH
GLPHQVLRQ $Q\ RI WKH *DXVVLDQ TXDGUDWXUH SRLQWV DQG ZHLJKWV FDQ EH DSSOLHG LQ WKLV IRUPXOD OLNH WKH *DXVV
/HJHQGUH *DXVV-DFREL *DXVV+HUPLWH HWF ,Q RXU DSSURDFK ZH DUH XVLQJ WKH JHQHUDOL]HG *DXVVLDQ TXDGUDWXUH
QRGHVDQGZHLJKWVIRUWKHSURGXFWRISRO\QRPLDOVDQGORJDULWKPIXQFWLRQJLYHQLQ>@DVLWLVSURYHGLQ>@WKDW
WKHVHQRGHVDQGZHLJKWVJLYHEHWWHU UHVXOWVFRPSDUHG WRDQ\RWKHURQHV IRURQHGLPHQVLRQDO LQWHJUDWLRQDQG WZR
GLPHQVLRQDOLQWHJUDWLRQV
(TJLYHVWKHZHLJKWVDQGQRGHVܿ௠ǡ ݔ௠ǡ ݕ௠ǡ ݖ௠IRULQWHJUDWLQJDQ\IXQFWLRQRYHUWKHUHJLRQߗDQG(T
LVXVHGWRHYDOXDWHWKHLQWHJUDOQXPHULFDOO\
 1XPHULFDOLQWHJUDWLRQRYHUVRPHUHJLRQV
,QWKLVVHFWLRQZHJLYHWKHLQWHJUDWLRQUXOHDQGWKHIRUPXODWRHYDOXDWHWKHQRGHVDQGZHLJKWVXVLQJ(T
DQG  IRU LQWHJUDWLRQ RYHU IHZ WKUHH GLPHQVLRQDO UHJLRQV ZKLFK DUH FRPPRQO\ IRXQG LQ DSSOLFDWLRQV RI
HQJLQHHULQJ DQG VFLHQFHV 7KH GLVWULEXWLRQ RI SRLQWV LQ WKH GRPDLQ RI LQWHJUDWLRQ DQG WKH FRPSXWHG UHVXOWV IRU D
YDULHW\RILQWHJUDOVRYHUWKHVHGRPDLQVDUHDOVRSURYLGHG
 &XERLG
%\ VXEVWLWXWLQJ ݃ଵ ൌ ܿǡ ݃ଶ ൌ ݀ǡ  ݄ଵ ൌ ݁ DQG ݄ଶ ൌ ݂ LQ (T  ZH JHW WKH QRGHV DQG ZHLJKWV
ሺݔ௠ǡ ݕ௠ǡ ݖ௠ǡ ܿ௠ሻUHTXLUHGIRUWKHLQWHJUDWLRQIRUPXODLQ(TRYHUDFXERLGDVIROORZV
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ܫ ൌ ׬ ׬ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔ௙௘
ௗ
௖
௕
௔ ൎ σ ܿ௠ே
య
௠ୀଵ ݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻ  
ZKHUHܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ሺܾ െ ܽሻሺ݀ െ ܿሻሺ݂ െ ݁ሻݔ௠ ൌ ሺܾ െ ܽሻߦ௜ ൅ ܽݕ௠ ൌ ሺ݀ െ ܿሻߟ௝ ൅ ܿݖ௠ ൌ ሺ݂ െ ݁ሻߛ௞ ൅ ݁

)LJVKRZVWKHGLVWULEXWLRQRIWKHQRGDOSRLQWV[P\P]PLQD]HURRQHFXEH
)LJ'LVWULEXWLRQRIWKH1RGDOSRLQWV[P\P]PIRU1 LQWKH]HURRQHFXEH
:HFRQVLGHUVRPHW\SLFDOLQWHJUDOVZLWKNQRZQH[DFWYDOXHVJLYHQLQ>@WRWHVWWKHGHULYHGIRUPXOD,Q
WDEOHZHSUHVHQWWKHUHVXOWVREWDLQHGXVLQJWKHSURSRVHGPHWKRGIRUDYDULHW\RIIXQFWLRQVRYHUGLIIHUHQWFXERLGV
,WLVFOHDUIURPWKHWDEOHWKDWWKHSURSRVHGLQWHJUDWLRQPHWKRGJLYHVJRRGDFFXUDF\IRUDOPRVWDOOW\SHRILQWHJUDQGV
LQFOXGLQJLQWHJUDQGVZLWKHQGSRLQWVLQJXODULWLHVDQGLQWHJUDQGVZLWKSHDN,DQG,:HKDYHDOVRQRWLFHGWKDWWKH
QXPEHURIIXQFWLRQHYDOXDWLRQVUHTXLUHGE\WKHSURSRVHGPHWKRGWRREWDLQFHUWDLQDFFXUDF\LVOHVVFRPSDUHGZLWK
WKHQXPEHURIIXQFWLRQHYDOXDWLRQVXVHGLQWKHPHWKRGJLYHQLQ>@
ܫଵ ൌ න න න ͺሺͳ ൅ ʹሺݔ ൅ ݕ ൅ ݖሻሻିଵ
ଵ
଴
ଵ
଴
ଵ
଴
݀ݔ݀ݕ݀ݖ ൌ ͲǤʹͳͷʹͳͶʹͺ͵ʹͷͻͷͺͻͶ
ܫଶ ൌ න න න ඥݔ ൅ ݕ ൅ ݖ݀ݖ݀ݕ݀ݔ
଺
ହ
ସ
ଷ
ଶ
ଵ
ൌ ͵Ǥʹ͵ͻͶͷͲͳ͹͹Ͳ͹ͳ͹ʹ
ܫଷ ൌ න න න ሺݔ ൅ ݕ ൅ ݖሻିଶ
ଵ
଴
ଵ
଴
ଵ
଴
݀ݔ݀ݕ݀ݖ ൌ ͲǤͺ͸͵ͲͶ͸ʹͳ͹͵ͷͷ͵Ͷ͵ʹ
ܫସ ൌ න න න ܥ݋ݏሺݔ ൅ ݕ ൅ ݖሻ
గ ଶΤ
଴
గ
଴
గ
଴
݀ݖ݀ݕ݀ݔ ൌ െͶǤͲͲͲͲͲͲͲͲͲͲͲͲͲͲ
ܫହ ൌ න න න
ͳ
ඥݔ ൅ ݕ ൅ ݖ ݀ݖ݀ݕ݀ݔ
ଵ
଴
ଵ
଴
ଵ
଴
ൌ ͲǤͺ͸ʹͺ͹͹Ͳ͹͹ͳͶʹͺͲ͵
 7HWUDKHGURQ
/LNH WULDQJXODU HOHPHQWV DUH ZLGHO\ XVHG LQ )LQLWH (OHPHQW 0HWKRGV)(0 IRU WKH WZRGLPHQVLRQDO
SUREOHPVWHWUDKHGUDOHOHPHQWVDUHXVHGLQ)(0WRVROYHWKUHHGLPHQVLRQDOSUREOHPV
%\ VXEVWLWXWLQJܽ ൌ Ͳܾ ൌ ܽ ଵ݃ ൌ Ͳǡ ݃ଶ ൌ ܽ െ ݔǡ݄ଵ ൌ ͲDQG݄ଶ ൌ ܽ െ ݔ െ ݕ LQ (T ZH JHW WKH QRGHV DQG
ZHLJKWV ሺݔ௠ǡ ݕ௠ǡ ݖ௠ǡ ܿ௠ሻUHTXLUHG IRU LQWHJUDWLRQ RYHU D WHWUDKHGURQܶ ൌ ሼሺݔǡ ݕǡ ݖሻȀͲ ൑ ݔ ൑ ܽǡ Ͳ ൑ ݕ ൑ ܽ െ ݔǡ
Ͳ ൑ ݖ ൑ ܽ െ ݔ െ ݕሽDVIROORZV
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ܫ ൌ න න න ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔ
௔ି௫ି௬
଴
௔ି௫
଴
௔
଴
ൎ ෍ ܿ௠
ேయ
௠ୀଵ
݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻ
ZKHUHܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ሺܾ െ ܽሻሺ݀ െ ܿሻሺ݂ െ ݁ሻݔ௠ ൌ ܽߦ௜ݕ௠ ൌ ܽሺͳ െ ߦ௜ሻߟ௝ݖ௠ ൌ ܽሺͳ െ ߦ௜ െ ߟ௝ ൅ ߦ௜ߟ௝ሻߛ௞
ܫ଺ ൌ න න න ඥݔ ൅ ݕ ൅ ݖ݀ݖ݀ݕ݀ݔ
ଵି௫ି௬
଴
ଵି௫
଴
ଵ
଴
ൌ ͲǤͳͶʹͺͷ͹ͳͶʹͺͷ͹ͳͶ͵
ܫ଻ ൌ න න න
ͳ
ඥݔ ൅ ݕ ൅ ݖ ݀ݖ݀ݕ݀ݔ
ଵି௫ି௬
଴
ଵି௫
଴
ଵ
଴
ൌ ͲǤʹ
,Q>@DXWKRUVJLYHDTXDGUDWXUHUXOHRYHUDWHWUDKHGURQ^[\][\[][\`
7DEOHJLYHVHQRXJKSURRIWRVKRZWKDWWKHPHWKRGJLYHQLQWKLVSDSHUJLYHVPRUHDFFXUDWHUHVXOWVWKDQWKHPHWKRG
LQ >@ IRU WKH VDPH LQWHJUDOV , DQG ,0RUHRYHU WKHSURSRVHG LQWHJUDWLRQ IRUPXOD LV D JHQHUDO RQHZKHUHDV WKH
TXDGUDWXUHUXOHLQ>@ZDVRQO\IRUDVSHFLILFWHWUDKHGURQ
7DEOH1XPHULFDO,QWHJUDWLRQUHVXOWVRYHUGLIIHUHQWFXERLGVIRUGLIIHUHQWIXQFWLRQV
,QWHJUDO &RPSXWHGYDOXH $EVROXWH(UURU
ଵ
1   (
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 (
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ଷ
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(
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1   (
1   (
ହ
1   (
1   (
1   (
7DEOH&RPSDUDWLYHUHVXOWVRILQWHJUDWLRQRYHUDWHWUDKHGURQ
&RPSXWHGYDOXHXVLQJSURSRVHG
PHWKRG
$EVROXWH(UURU &RPSXWHGYDOXHJLYHQLQ>@ $EVROXWH(UURU
଺ 1   (  (1   (  (
଻ 1   (  (1   (  (
 )HZRWKHUERXQGHGWKUHHGLPHQVLRQDOUHJLRQV
%\VXEVWLWXWLQJܽܾ݃ଵǡ ݃ଶǡ݄ଵDQG݄ଶLQ(TZHJHWWKHQRGHVDQGZHLJKWVሺݔ௠ǡ ݕ௠ǡ ݖ௠ǡ ܿ௠ሻUHTXLUHG
IRULQWHJUDWLRQRYHUWKHIROORZLQJUHJLRQVDVIROORZV
L 3ULVPܲ ൌ ሼሺݔǡ ݕǡ ݖሻȀͲ ൑ ݔ ൑ ݄ǡ Ͳ ൑ ݕ ൑ ܽǡ Ͳ ൑ ݖ ൑ ܽ െ ݕሽ
׬ ׬ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔ௔ି௬଴
௔
଴
௛
଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUHܿ௠ ൌ ݓଵ௜ݓଶ௝ݓଷ௞ܽଶ݄ሺͳ െ ߟ௝ሻݔ௠ ൌ ݄ߦ௜ݕ௠ ൌ ܽߟ௝ݖ௠ ൌ ܽሺͳ െ ߟ௝ሻߛ௞

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LL 3\UDPLGJLYHQLQ>@
׬ ׬ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔଵି௫௫ିଵ
ଵି௫
௫ିଵ
ଵ
଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUHܿ௠ ൌ Ͷሺͳ െ ߦ௜ሻଶݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ߦ௜ݕ௠ ൌ  ሺͳ െ ߦ௜ሻ൫ʹߟ௝ െ ͳ൯ݖ௠ ൌ ሺͳ െ ߦ௜ሻሺʹߛ௞ െ ͳሻ
6LPLODUO\ ZH JLYH WKH LQWHJUDWLRQ UXOH DQG UHVXOWV IRU VRPH WULSOH LQWHJUDOV KDYLQJ QRQOLQHDU OLPLWV RI
LQWHJUDWLRQ
LLL׬ ׬ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔଵି௬଴
ଵ
௫మ
ଵ
ିଵ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
௠ୀଵ 
ZKHUH
ܿ௠ ൌ ͵ʹሺߦ௜ െ ߦ௜ଶሻଶሺͳ െ ߟ௝ሻݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ʹߦ௜ െ ͳݕ௠ ൌ Ͷ൫ߦ௜ െ ߦ௜ଶ൯൫ߟ௝ െ ͳ൯ ൅ ͳݖ௠ ൌ Ͷ൫ߦ௜ െ ߦ௜ଶ൯൫ͳ െ ߟ௝൯ߛ௞
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׬ ׬ ׬ ݂ሺݔǡ ݕǡ ݖሻ݀ݖ݀ݕ݀ݔ௬మ଴
ଵ
ିଵ
ଵ
଴ ൎ σ ܿ௠݂ሺݔ௠ǡ ݕ௠ǡ ݖ௠ሻே
య
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ZKHUHܿ௠ ൌ ʹ൫ʹߟ௝ െ ͳ൯ଶݓଵ௜ݓଶ௝ݓଷ௞ݔ௠ ൌ ߦ௜ݕ௠ ൌ ʹߟ௝ െ ͳݖ௠ ൌ ൫ʹߟ௝ െ ͳ൯ଶߛ௞
Y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గ
଴
గ
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య
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ݔ௠ ൌ ߨߦ௜Ǣ ݕ௠ ൌ ߨߟ௝ݖ௠ ൌ ሺߨߦ௜ሻߛ௞
7KH LQWHJUDO YDOXHV RI VRPH WHVW IXQFWLRQV RYHU WKH UHJLRQV PHQWLRQHG DERYH DUH JLYHQ EHORZ DQG WKH
LQWHJUDWLRQUHVXOWVREWDLQHGE\WKHSURSRVHGPHWKRGDUHWDEXODWHGLQ7DEOH
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ଵ
଴
ଷ
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ଵ
௫మ
ଵ
ିଵ ൌ ͲǤͳ͹ͺ͸͹ͻʹ͹ͳͷͶͻ͹ͳͳ
ܫଵଵ ൌ ׬ ׬ ׬ ݔඥݕଶ ൅ ݖଶ݀ݖ݀ݕ݀ݔ௬
మ
଴
ଵ
ିଵ
ଵ
଴ ൌ ͲǤͳ͵͹͸Ͷͻ͹͵ͺͺͶͳͲͻ͸
ܫଵଶ ൌ ׬ ׬ ׬ ݔଶݕଶݖ݀ݖ݀ݕ݀ݔ௦௜௡௫଴
గ
଴
గ
଴ ൌ ʹʹǤ͸Ͷ͸ͷͶ͵ʹͷͲ͸͹ͷͲ
7DEOH,QWHJUDWLRQUHVXOWVRIVHYHUDOWULSOHLQWHJUDOV
,QWHJUDO &RPSXWHGYDOXH $EVROXWH(UURU
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 &RQFOXVLRQV
7KLV SDSHU JLYHV D JHQHUDO LQWHJUDWLRQ IRUPXOD GHULYHG LQ VHFWLRQ  WR HYDOXDWH WULSOH LQWHJUDOV RI DQ\
IXQFWLRQRYHUDQ\ERXQGHGWKUHHGLPHQVLRQDOUHJLRQ7KHVROYHUQHHGWRNQRZRQO\WKHLQWHJUDWLRQOLPLWVDQGKDYH
WKHJHQHUDOL]HG*DXVVLDQTXDGUDWXUHQRGHVDQGZHLJKWV WRHYDOXDWH WKHLQWHJUDOXVLQJWKLVPHWKRG7KHJHQHUDOLW\
DQGWKHVLPSOLFLW\RIWKHIRUPXODPDNHLWXQLTXH$Q\SURJUDPPLQJODQJXDJHRUDQ\PDWKHPDWLFDOVRIWZDUHFDQEH
XVHGWRREWDLQWKHQRGHVZHLJKWVDQGWKHLQWHJUDOYDOXHRIDIXQFWLRQRYHUD'ERXQGHGUHJLRQ7DEXODWHGYDOXHV
LQ WKH SDSHU VKRZ WKDW WKH LQWHJUDWLRQ UXOH SURSRVHG KHUH JLYHV D YHU\ JRRG DFFXUDF\ IRU DOPRVW DOO IXQFWLRQV
LQFOXGLQJRVFLOODWLQJIXQFWLRQVDQGIXQFWLRQVZLWKHQGSRLQWVLQJXODULWLHV
$FNQRZOHGJHPHQWV
7KHFRQWLQXRXVUHVHDUFKVXSSRUWDQGHQFRXUDJHPHQWRIWKHPDQDJHPHQWRI$PULWD9LVKZD9LG\DSHHWKDP
LVJUDWHIXOO\DFNQRZOHGJHG
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